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Linear Modeling Word Problems

Introduction – About the Mathematics

A.  Student Performance Objectives - TEKS Correlation
      FOUNDATIONS FOR FUNCTIONS

      (A.1) The student understands that a function represents a dependence of one quantity on another and can be described in a variety of ways.
(B) The student gathers and records data and uses data sets to determine functional relationships between quantities.  

(C) The student describes functional relationships for given problem situations and writes equations or inequalities to answer questions arising from the situations. 

(D) The student represents relationships among quantities using concrete models, tables, graphs, diagrams, verbal descriptions, equations, and inequalities. 

(E) The student interprets and makes decisions, predictions, and critical judgments from functional relationships.

(A.2) The student uses the properties and attributes of functions.
(B) The student identifies the domains and ranges and determines reasonable domain and range values for given situations, both continuous and discrete.

(A.3) The student understands how algebra can be used to express generalizations and recognizes and uses the power of symbols to represent situations.

(B) The student looks for patterns and represents generalizations algebraically.

(A.4) The student understands the importance of the skills required to manipulate symbols in order to solve problems and uses the necessary algebraic skills required to simplify algebraic expressions and solve equations and inequalities in problem situations.

(A) The student finds specific function values, simplifies polynomial expressions, transforms and solves equations, and factors as necessary in problem situations.

      LINEAR FUNCTIONS

(A.5) The student understands that linear functions can be represented in different ways and translates among their various representations. 

(B) The student determines the domain and range for linear functions in given situations.

(C) The student uses, translates, and makes connections among algebraic, tabular, graphical, or verbal descriptions of linear functions. 

(A.6) The student understands the meaning of the slope and intercepts of the graphs of linear functions and zeros of linear functions and interprets and describes the effects of changes in parameters of linear functions in real-world and mathematical situations. 

(A) The student develops the concept of slope as rate of change and determines slopes from graphs, tables, and algebraic representations.

(D) The student graphs and writes equations of lines given characteristics such as two points, a point and a slope, or a slope and y-intercept.

(E) The student determines the intercepts of the graphs of linear functions and zeros of linear functions from graphs, tables, and algebraic representations.

(A.7) The student formulates equations and inequalities based on linear functions, uses a variety of methods to solve them, and analyze the solutions in terms of the situation.

(A) The student analyzes situations involving linear functions and formulates linear equations or inequalities to solve problems.

(B) The student investigates methods for solving linear equations and inequalities using concrete models, graphs, and the properties of equality, selects a method, and solves the equations and inequalities.

(C) The student interprets and determines the reasonableness of solutions to linear equations and inequalities.

B. Critical Mathematics Explored

  The principal focus of these activities is for students to identify the independent and dependent variables from a problem situation, to graph, find the slope, write a linear equation, make predictions, and answer questions about the situation given two data points.

C.  How Students Encounter Concepts

  In the absence of technology, students will use traditional pencil and paper work.  Since graphing calculators should be available to them, students may choose to use a graphing calculator or the spreadsheet program such as Graphical Analysis.  The teacher may want to have students work with a partner or in a small group.  He or she may also want to provide the groups with large sheets of blank or graph paper on which to display their work.  These problems are excellent opportunities for mathematical discussions and/or student presentations.

D. Connections and Prerequisites 

These activities are very similar to previous ones. The new thing is that student are given a word problem from which they are expected to find two points and answer questions from the points (find slope, find the y-intercept, make predictions). Student should have a good understanding of which variable is dependent and which variable is independent. Students should also be familiar with sketching graphs, and graphing graphs either on the calculator or Graphical Analysis. 

Setting Up – Preparation

There are four activities in this section: Calculator Raffle, Chirping Crickets, Summer Reading, and Wrestling Weight.  They are all of the same difficulty level and are practically identical in their organization and questioning techniques.  They are not numbered, so the teacher may use them in any order or manner he/she wishes.  For your information, Calculator Raffle and Chirping Crickets have a positive slope while Summer Reading and Wrestling Weight have negative slopes.  Here are two possible ways the teacher can use these activities.

1.  The teacher presents one of the problems to the class as an example, using this time to review important concepts, as they are needed.  Then, the students work on a second problem with a partner or in a small group.  One group is selected to present their solution to the class for class discussion.  The third problem can be used as a homework assignment, and the fourth as an assessment.

2.  The teacher divides the class into groups of 3 or 4 students, giving nearby groups different problems.  After they have had time to work, groups with the same problem should be encouraged to compare their solutions.  At the end of class, groups can present their solutions to the class or post their solutions on butcher paper or large graph paper.  The teacher could use three of the problems for classwork and the fourth as a Reflect and Apply (homework assignment) or as an assessment.

List of Materials

Copies of the activities for each student or each group

Rulers

Graphing calculators or Graphical Analysis software

Graph paper, butcher paper, and markers if students will be displaying/presenting their solutions

What the Teacher Should do to Prepare

If you are using method two suggested above, you would want to review the following topics before assigning groups and handing out the problems.  If you are using method one, you can review the topics as you work through the first problem with your students.

1.  What is the difference between an independent variable and a dependent variable?  The independent variable of a function is the “values subject to choice.”  It affects the value of the dependent variable.  The value of the dependent variable is determined by the independent variable.  (Example:  If you compare a person’s height to their age, the height would be the dependent variable since how tall you are depends upon your age.  As you get older, you get taller.  You do not get older because you get taller!  In graphing and writing equations, the independent variable is the x-variable and the dependent variable is the y-variable.

2.  What does a good graph looks like?  The graph should have a title.  It should have the axes labeled with the appropriate units, such as minutes, feet, gallons, etc. (not just x and y).  The scale should be marked on both axes since it does not have to be the same.  However, on an axis the scale must be consistent; remind students that they cannot start counting by two’s and then change to five’s – they must pick a scale and stick with it.  However, the two axes do not have to have the same scale, students may count by two’s on the x-axis and five’s on the y-axis.  Students should be encouraged to use a ruler and a pencil when drawing their graphs.

3.  What are the different linear forms that might be used?  Slope-intercept form is y = mx + b.  In this form m is the slope and b is the y-intercept.  Point-slope form is y – y1 = m(x – x1).  In this form (x1, y1) is any point on the line and m is the slope. 

4. What is the real-world meaning of the slope and the y-intercept of a linear function?  Be prepared to answer this question with respect to each of the four problems.

The Teacher’s Perspective

Objective:

The student will be able to read a problem and identify the independent and dependent variables from the problem situation.  He or she will be able to identify given data points and write them as ordered pairs.  Then, the student will use those points to graph a linear function, write a linear equation, and answer questions and make predictions.

Vocabulary:


Function, independent variable, dependent variable, change in x, change in y, rate of change, axes, scale, slope, y-intercept, linear equation

Supplementary Material:  

Linear Applications worksheet – to be used as a follow up to this activity

( A good warm up activity can be found in the supplements folder (“Word Problems 2 Warm Up”)

Supplementary Comments:

Unless you have a very gifted group of students, there will be several places where the students will have difficulty with these activities.  Even though as teachers we may see these problems as simple applications of the point-slope form, our students will not. If students grasp the basic concepts in this lesson, you may want to let them use the special capabilities on the graphing calculator or in the Graphical Analysis software to derive the equation.  This would be especially useful to some students who cannot get past the symbolic manipulation, but who understand how to find the data in the problem and the questions to be answered.  If you do have a very strong class, divide them up, give them the different problems, and let them go.  Otherwise, give all of the students the same problem in the beginning.  This will be less frustrating for you since the students will be able to help each other as you walk around and give helping hints and you can stop the whole class to answer a recurring question.  You may even find that you need to stop to reteach important concepts such as graphing skills, slope, or writing linear equations.  In the answer key to the Calculator Raffle problem are some comments on where student difficulties may occur and how to avoid or correct them.  The other two answer keys simply have the answers.

Answers and Notes

Calculator Raffle

1.  The two things compared in the problem are the number of raffle tickets sold and the booster club’s profit or loss.  The number of tickets sold is the independent variable and the profit or loss 

is the dependent variable.

* Most students will be able to pick out the two items, but independent and dependent variables are difficult for many students to distinguish between.  

You may explain it as a cause-effect relationship: the cause is the independent variable and the effect is dependent.  For example, the booster club will make a profit because they sell tickets; the ticket sales cause the profit or loss.

You may tell students to imagine which event happens first.  The event that happens first is the independent variable.  First, the booster club sells the tickets (independent), then they make money (dependent).

You may also tell them to reread the problem very carefully, looking for the “depends” phrase. In this problem it states that “their profit or loss depends upon the number of tickets sold.”  The item which “depends” on the other, in this case the profit or loss, is the dependent variable.  However, not all problems will have it stated so plainly.

In problems where one of the two variables is time (minutes, hours, days, etc.), time is almost always the independent variable.  Unfortunately, this will not help you for three of these activities.

2.  The two points are (10, -60) and (30, -20).

*  You may want to have the students write the (x, y) pairs as words first:  (tickets, money).  Remind them that x is the independent variable and y is the dependent variable; they should use their answers from the first question.  This will help the students put the numbers in the correct place in the ordered pairs.  The dollar amounts $60 and $20 are negative because they are losses; a profit would be a positive dollar amount.

3.  The change in x is 20 and the change in y is 40.

* The change in x is 20 because the number of tickets sold went up from 10 to 30; or algebraically, x2 – x1 = 30 – 10 = 20.  The change in y is 40 because the amount of money lost went from $60 to $20, it is positive because they are losing less money; or algebraically, y2 – y1 = -20 – -60 = 40.

4.  The rate of change ratio is 40/20 or 2/1 or 2.  For every ticket sold, the booster club makes 

two more dollars.  (The cost of the ticket is $2.)

*  Rate of change for a linear function, slope, is change in y over change in x.  Using your answers from question #3, the ratio reduces to 2.  
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5.  Sample graph: 

*  This is only a sample graph; it has an x-scale of 20 and a y-scale of 50.  Your students may have chosen a different scale; this would alter the look of the graph.  To check the graph, you should make sure that the students have put the right variable on each of the axes, have chosen an appropriate scale, and have correctly placed the two data points.  You may want to talk with your students about reasonable domain and range; for this problem, the only quadrants needed are the first and fourth.  There can be a positive or negative y value, indicated by a profit or loss but there cannot be a negative x-value; the booster club cannot sell a negative number of raffle tickets.

6.  The y-intercept is –80.  This is the cost of the graphing calculator.  

* If the booster club didn’t sell any tickets (if the value of x is 0), they would have an $80 loss.  If the students are using their graph, which is likely somewhat inaccurate, to find the answer, they may need help to see that the y-intercept is $80; you may want to tell them to reread the problem situation for a clue.

7.  y = 2x – 80

* Students may use the two points from question #2 and the point-slope form of a linear equation.  They may also use their answers from questions #4 and #6 to go directly to the slope-intercept form.

8.  If the booster club sells 100 tickets, they will make $120.  

*Substitute 100 for x in the equation and solve for y.

     If they want to break even, they must sell 40 tickets. 

*Substitute 0 for y in the equation and solve for x.

     If they make $500 profit, they must have sold 290 tickets. 

*Substitute 500 for y and solve for x.

*  If students used their graph to find the answers to question #8, they may not have the exact answer.  This would be a good time to discuss the benefits of using the equation over using the graph to answer these types of questions.  However, being able to use a graph to answer a question, even if that answer is somewhat less accurate, is an important skill.    

Summer Reading

1.  The two items compared in the problem are the number of pages left to read and the number of minutes Stephanie has been reading.  The number of minutes reading is the independent variable and the number of pages left is the dependent variable.

2.  (10, 150) and (20, 145).

3.  The change in x is 10 and the change in y is –5.

4.  The rate of change is –5/10 or –1/2 or –0.5.  For every two minutes, Stephanie has 1 less page to read.  Or, Stephanie reads ½ page each minute.

[image: image4.wmf] 

5.  Sample graph with x-scale of 50 and y-scale of 25:

6.  The y-intercept is 155.  When Stephanie started reading (at time zero), she had 155 pages left.  Or, the summer reading assignment is 155 pages long.

7.  y = -0.5x + 155.

8.  After she has been reading for one hour (60 minutes), Stephanie has 125 pages left.

     When Stephanie has 50 pages left, she has been reading for 210 minutes or 3.5 hours or 3 

hours and 30 minutes.

     Stephanie will finish the assignment in 310 minutes or 5 hours and 10 minutes (this is the x-

intercept).

Chirping Crickets

1. The two items compared in the problem are the number of chirps per minute and the temperature in (F.  The temperature is the independent variable and the number of chirps is the dependent variable.

2.  (60, 92) and (75, 152).

3.  The change in x is 15 and the change in y is 60.

4.  The rate of change is 60/15 or 4/1 or 4.  For each degree warmer the temperature is, the crickets will chirp 4 more times each minute.

5.  Sample graph with an x-scale of 10 and a y-scale of 50:
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6.  The y-intercept is –148.  If the temperature is 0(F, the crickets would chirp –148 times per minute.  This does not make sense, so in this problem, the y-intercept does not have any real-world meaning.

7.  y = 4x – 148 .

8.  If it is 53(F, the crickets will chirp 64 times per minute.

     If the crickets are chirping 240 times per minute, the temperature is 97(F.

     For the crickets to stop chirping (0 chirps per minute), the temperature would have to be 37(F 

or less.

Wrestling Weight
Reflect and Apply
1. The two items compared in the problem are the number of weeks Todd has been on the diet and his weight in pounds.  The number of weeks on the diet is the independent variable and  Todd’s weight is the dependent variable.

2.  (3, 180) and (5, 174).

3.  The change in x is 2 and the change in y is -6.

4.  The rate of change is -6/2 or -3/1 or -3.  For each week Todd is on the diet, he will lose 3 more pounds.

5.  Sample graph with an x-scale of 2 and a y-scale of 20:
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6.  The y-intercept is 189. When Todd starts the diet, at week zero, he weighs 189 pounds.

7.  y = -3x +189.

8.  After 6 weeks Todd will weigh 171 pounds.

     When he starts the diet, Todd weighs 189 pounds (remember, this was the y-intercept).

     For Todd to reach his target weight of 165 pounds, he must diet for 8 weeks.

Extensions

Internet Research:

1.  Many students do not believe that the “Chirping Crickets” information is true.  This might be 

     a nice activity to teach concurrently with the biology teacher since many students take 

     Algebra I and Biology concurrently.  Here are three web sites that provide some cricket 

     chirping information:

http://www.cricketscience.com/faqs.html

http://www.pca.state.mn.us/kids/c-september.html

http://www.lifelong.com/AcademicWorld/GeoCare/weather/temperature.html

     You may encourage students to find others or to compare the information given at these web 

      sites with the function they found in the Chirping Crickets activity.

2.  What other sports, like wrestling, have weight classes?  (Answer: boxing)  You may ask 

     students to find the weight classes for Olympic wrestling or boxing.  This topic could also be 

     tied to Health in that many athletes become sick because of their effort to lose a lot of weight 

     in a short period of time before an upcoming match or tournament.  However, you should be 

     aware that when you surf the internet for sites involving “wrestling” some of the sites you 

     find will not be appropriate for high school students – you may want to search for yourself 

     ahead of time and suggest some particular sites.

Project Ideas:

1.  Students can bring a graph to class that they find in a newspaper or magazine.  (USA Today 

     always has lots of graphs.)  The students can write a paragraph or two identifying the 

     independent and dependent variables, the scale of the graph, whether or not it would be a 

     linear function, and the graph’s relevance or importance.  This information could also be 

     presented orally.  The graphs could be shared in small groups, presented to the class for a 

     mathematics show-and-tell, or posted on a classroom bulletin board.  The teacher may want to 

     bring copies of old newspapers and magazines for students to use before the project is due in 

     case they do not have access to their own at home.

2.  Students can interview several groups or clubs which have recently held raffles.  They must 

     find the cost of the item(s) that were raffled and the raffle ticket price.  Then, use this 

     information to write a function equation.  They might also be interested to know how much 

     money the clubs made from their raffles.  What do you think contributes more to the success 

     or failure of a raffle:  prizes offered, ticket price, or another factor?
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Calculator Raffle

A school booster club is having a raffle for a graphing calculator that they purchased for $80.  Their profit or loss is a linear function in which the profit or loss depends upon the number of tickets sold.  The booster club figures that if they sell 10 tickets, they will lose $60.  If they sell 30 tickets, they will lose $20.

1.  What two things are being compared in the Calculator Raffle problem?

    ____________________________________________________________

    ( Which is the independent variable? ________________________________ 

    ( Which is the dependent variable?  _________________________________

2.  What are the two (x, y) coordinate pairs listed in the problem?

     ___________________________________________________________

3.  A function describes the change in y related to the change in x.

     ( Identify the change in y that can be determined from the two pairs.

     ( Identify the change in x that can be determined from the two pairs.

4.  Using your two answers from #3, give the rate of change ratio. 

5.  For a linear function this change is constant and is also known as the “slope” of the line.  Explaining what the rate of change means for this situation.  ___________________________________________________________
___________________________________________________________


  ___________________________________________________________

6. In the space below, sketch the graph of this function.  Be sure to label your x- and y-axes with both scale and units.

7. Use your graph or a table of values to determine the location of the y-intercept for this function.  What is the meaning of the y-intercept in this problem?

    ____________________________________________________________
    ____________________________________________________________

8. Write an equation for this function.  Show your work or explain how you created the equation. _________________________________________________
___________________________________________________________

9. Use your graph, a table of values, and/or your function equation to answer the following questions.

( What is the booster club’s profit or loss if they sell 100 tickets?

( How many tickets does the booster club have to sell to break even (to not lose any money?

( If the booster club makes a profit of $500, how many tickets did they sell?
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Summer Reading

Stephanie Gonzales sits down to read her summer reading assignment for English.  After she has been reading for 10 minutes, she has 150 pages left to read.  After 20 minutes of reading, Stephanie has 145 pages left to read.  Assume that Stephanie reads at a constant rate so that the number of pages she has left to read is a linear function of the number of minutes she has been reading; the number of pages left to read depends upon the number of minutes she has been reading.

1.  What two things are being compared in the Summer Reading Problem?

    ____________________________________________________________
    ____________________________________________________________


( Which is the independent variable?  ______________________________________ 

( Which is the dependent variable? ________________________________________
2.  What are the two (x, y) coordinate pairs listed in the problem?

     _______________________________________________________________________
3.  A function describes the change in y related to the change in x.

( Identify the change in y that can be determined from the two pairs.

( Identify the change in x that can be determined from the two pairs.

4.  Using your two answers from #3, give the rate of change ratio. ____________

( For a linear function this change is constant and is also known as the “slope” of the line.  Explaining what the rate of change means in this situation.

   __________________________________________________________
       __________________________________________________________
       __________________________________________________________

5.  In the space below, sketch the graph of this function.  Be sure to label your x- and y-axes with both scale and units.

6.  Use your graph or a table of values to determine the location of the y-intercept for this function.  What is the meaning of the y-intercept in this problem?

    ____________________________________________________________
    ____________________________________________________________

7.  Write an equation for this function.  Show your work or explain how you created the equation. __________________________________________________
____________________________________________________________
____________________________________________________________

8.  Use your graph, a table of values, and/or your function equation to answer the following questions.

( How many pages will Stephanie have left after she has been reading for an   
   hour?

( If Stephanie has 50 pages left to read, how long has she been reading?

( How long will it take Stephanie to finish her summer reading assignment?
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Chirping Crickets

Biologists have found that the number of chirps some types of crickets make per minute depends upon the temperature.  This relationship can be represented by a linear function.  When the temperature is 60(F, crickets chirp 92 times per minute.  If it is 75(F, they will chirp 152 times per minute.

1.  What two things are being compared in the Chirping Crickets Problem?

    ___________________________________________________________

( Which is the independent variable? _______________________________ 

( Which is the dependent variable?  ________________________________

2.  What are the two (x, y) coordinate pairs listed in the problem?

     ___________________________________________________________

3.  A function describes the change in y related to the change in x.

( Identify the change in y that can be determined from the two pairs.

( Identify the change in x that can be determined from the two pairs.

4.  Using your two answers from #3, give the rate of change ratio. 

( For a linear function this change is constant and is also known as the “slope” of the line.  Write a sentence explaining what your rate of change means.

      ___________________________________________________________

      ___________________________________________________________
      ___________________________________________________________

5.  In the space below, sketch the graph of this function.  Be sure to label your x- and y-axes with both scale and units.

6.  Use your graph or a table of values to determine the location of the y-intercept for this function.  What is the meaning of the y-intercept in this problem?

    ____________________________________________________________

7.  Write an equation for this function.  Show your work or explain how you created the equation. __________________________________________________
____________________________________________________________

8.  Use your graph, a table of values, and/or your function equation to answer the following questions.

( How many chirps per minute does a cricket make if the temperature is 53(F?

( If a cricket is chirping 240 times a minute, what is the temperature?

( How cold does it have to be for the crickets to stop chirping?
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